Formal Brauer groups arising from certain weighted K3 surfaces  by Yui, Noriko
Journal of Pure and Applied Algebra 142 (1999) 271{296
www.elsevier.com/locate/jpaa
Formal Brauer groups arising from certain
weighted K3 surfaces1
Noriko Yui 
Department of Mathematics and Statistics, Queen’s University, Kingston, Ontario K7L 3N6, Canada
Communicated by C.A. Weibel; received 28 February 1997
Abstract
We compute the height of the formal Brauer groups, and the zeta-functions of certain K3
surfaces in weighted projective 3-spaces. In particular, we construct K3 surfaces with formal
Brauer groups of height 1,2,3,4,6 and 10. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
In this paper we shall study formal Brauer groups arising from certain K3 surfaces
in weighted projective 3-spaces. These varieties are dened over base rings k: we may
take k to be perfect elds of positive characteristic, or Noetherian rings which are at
over Z. Specically, we shall be concerned with the following two problems:
(A) the structure of the isogeny classes of formal Brauer groups over algebraically
closed elds of positive characteristic, and;
(B) the representability of formal Brauer groups by formal group laws over rings
which are at and of nite type over Z.
For (A), let k be a perfect eld of characteristic p>0 and let k be its algebraic
closure. The classication theorem (see Manin [10]; cf. Illusie [9]) of commutative
formal groups over a perfect eld of positive characteristic asserts that the height
determines the structure of the isogeny classes of formal Brauer groups over k.
For K3 surfaces, the height is an integer ranging over anywhere from 1 to 10
(or perhaps, 1). It is known from the moduli point of view (e.g., a deformation
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theory argument) (cf. [9]) that any of these integers is realizable as the height of
formal Brauer groups of K3 surfaces. However, in practice, explicit examples of some
of the heights are very hard to come by; in fact, only very few integers (e.g., 1; 2
and 10, or 1) have been known to occur. Therefore it might be of some interest to
provide examples of K3 surfaces whose formal Brauer groups have some of the other
(e.g., larger) heights.
Goto [5, 6] has constructed many examples of K3 surfaces in weighted projec-
tive 3-spaces, based on the earlier works of Reid [12] (cf. Fletcher [4]), and that of
Shioda [13]. There are two types of weighted K3 surfaces: diagonal and quasi-diagonal,
both of which belong to the class of the (generalized) Delsarte surfaces. We recall the
construction of these weighted K3 surfaces in Sections 2 and 3.
We shall then determine in Section 4 the structure of the isogeny classes of the formal
Brauer groups arising from the weighted K3 surfaces constructed in Sections 2 and 3.
We take k to be a nite eld of characteristic p. For both types of K3 surfaces, there
is an arithmetical function which enable us to compute the heights of the formal Brauer
groups. Such a function is shown to depend intrinsically only on the degree m (of the
dening equation for the K3 surface), the weight Q=(q0; q1; q2; q3), and a congruence
condition on the characteristic p modulo m for diagonal K3 surfaces, respectively,
modulo M for quasi-diagonal K3 surfaces. (Here we put M := lcm(m1; m2; m3) with
mi :=m=qi for 0 i 2 and m3 := (m− q0)=q3.)
We are able to realize the integers 1; 2; 3; 4; 6, and 10 (and, of course 1) as the
height of formal Brauer groups of these K3 surfaces. For instance, 10 can be realized
as the height of a formal Brauer group of the minimal resolution of a weighted quasi-
diagonal surface of degree 12:
c0Y 120 + c1Y
3
1 + c1Y
2
2 + c3Y0Y
11
3 = 0P3k(Q); ci 2 k for 0  i  3
with weight Q=(1; 4; 6; 1) dened over nite elds of characteristic p t (mod 66)
where t may take any value in the set f5; 7; 13; 19; 47; 49; 53; 59; 61g.
Another integer which is realizable is 6. It occurs as the height of a formal Brauer
group of the minimal resolution of a weighted diagonal surface of degree 42 dened
by the equation
c0Y 20 + c1Y
3
1 + c2Y
7
2 + c3Y
42
3 = 0P3k(Q); ci 2 k for 0  i  3
with weight Q=(21; 14; 6; 1) over nite elds of characteristic p t (mod 42) where t
may take any value from the set f11; 19; 23; 25; 31; 37g.
Ekedahl [3] has indicated that, using his theory of CM-type varieties, it might be
possible to get a description of the crystalline cohomology groups (and hence the
description of the formal Brauer groups) of the minimal resolution of the Fermat
quotient Xm0 +X
m
1 +X
m
2 +X
m
3 = 0 by any subgroup of 
4
m=(diagonal). (Here m denotes
the group of mth roots of unity.) Our examples eectively illustrate what Ekedahl has
provisioned, through dierent method from that of Ekedahl. However, our task is not
yet complete as the integers 5; 7; 8 and 9 are still to be realized as height.
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For (B), we shall extend the results of Stienstra [15] about the representability of
formal Brauer groups by formal group laws, to formal Brauer groups arising from
weighted diagonal K3 surfaces and weighted quasi-diagonal K3 surfaces. We consider
these K3 surfaces over base rings k which are Noetherian, at over Z. We are able to
obtain explicitly description of the logarithms for formal group laws (or equivalently,
the coecients of the power series expansion of the holomorphic dierential 2-forms)
of our weighted K3 surfaces. For instance, for the minimal resolution X of a weighted
diagonal K3 surface of degree m and weight Q=(q0; q1; q2; q3):
c0Y
m=q0
0 + c1Y
m=q1
1 + c2Y
m=q2
2 + c3Y
m=q3
3 = 0P3k(Q);
the logarithm of the formal Brauer group B^r(X ) is explicitly given by
l(t)=
1X
k=0
(cq00 c
q1
1 c
q2
2 c
q3
3 )
k (mk)!
(q0k)!(q1k)!(q2k)!(q3k)!
tmk+1
mk + 1
;
where t is a local parameter of X . There is a similar but more complicated formula
for the logarithms of formal Brauer groups of weighted quasi-diagonal K3 surfaces.
These discussions are contained in Section 5.
Finally in the last Section 6, we shall discuss some arithmetic properties of weighted
diagonal and quasi-diagonal K3 surfaces. We shall prove a congruence for our weighted
K3 surfaces, which is an analogue of the Atkin and Swinnerton-Dyer congruence for
elliptic curves. This also extends the results of Stienstra [14] and of Stienstra and
Beukers [16] to these K3 surfaces.
The novelty of the paper is to provide explicit examples of formal Brauer groups of
large nite height, and formal group laws, arising from certain (generalized) Delsarte
K3 surfaces. Along the way, an overview on the techniques and methods in the study
of arithmetic questions of K3 surfaces is also included.
Here we collect some preambles about K3 surfaces. Let k be a eld, and let k be
its algebraic closure. Let X be a smooth projective surface over k.
Denition. X is said to be a K3 surface if and only if
(1) KX  0, and
(2) q(X )= dimk H 1(X;OX )= 0:
Numerical invariants. A K3 surface X may be characterized by the following nu-
merical invariants (over k):
(a) The geometric genus of X is pg(X ) := dim k H
0(X;
2X )= dim k H
0(X;OX )= 1.
(b) The ith Betti number of X is Bi(X ) := dimQl H
i(X k;Ql). They are given by
B0(X )=B4(X )= 1; B1(X )=B3(X )= 0 and B2(X )= 22.
(c) The Euler{Poincare characteristic of X is E :=
P4
i=0 Bi(X ) and it is equal
to 24.
(d) The (i; j)th Hodge numbers of X is hi; j(X ) := dim k H
j(X;
iX ). The non-trivial
ones are h2;0 = h0;2 = 1 and h1;1 = 20:
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(e) The Hodge polygon of X is the polygon in R2 with the initial point (0; 0)
the endpoint (22; 22), and with the slope sequence 0<1<2 of multiplicity 1; 20; 1,
respectively.
Examples. We list some standard examples of K3 surfaces.
(1) A smooth projective diagonal quartic surface
c0X 40 + c1X
4
1 + c2X
4
2 + c3X
4
3 = 0P3k with ci 2 k for 0 i 3:
If c=(1; 1; 1; 1), this is nothing but the Fermat quartic. It is known that when k=C,
all K3 surfaces in P3k are dieomorphic to the Fermat quartic.
(2) Assume that k is a eld with char(k) 6=2. Let A be an abelian variety of di-
mension 2 over k and let i :A 7!A; i(a)=−a be an involution. Put X 0=A=i and let
X be its desingularization. Then X is a K3-surface, called the Kummer surface. The
Kummer surface has altogether sixteen 2-torsion points over k.
(3) Let F be a homogeneous polynomial in k[X0; X1; X2] of degree 6, e.g., F(X0; X1;
X2)=X 60 + X
6
1 + X
6
2 . Let X be a double covering of P2k dened by the equation
Z2 =F(X0; X1; X2). Then X is a K3 surface.
(4) Let X be an elliptic surface dened by a Weierstrass equation
Y 2Z + a1X Y Z + a3Y Z2 =X 3 + a2X 2Z + a4X Z2 + a6Z3P2kA1k;
where ai 2 k(T ) for all i and T is a parameter. Then X becomes a K3 surface under
certain conditions. (This example was the main object in Stienstra and Beukers [16].)
2. Diagonal K3 surfaces in weighted projective 3-spaces
2.1. We now pass onto weighted projective 3-spaces and look for more examples of
K3 surfaces. Here we assume that k is a perfect eld of characteristic p 0, and let k
denote its algebraic closure. Let Q=(q0; q1; q2; q3) be a quadruple of positive integers
such that gcd(qi; qj; qk)= 1 for any distinct i; j; k: Let k[X0; X1; X2; X3] denote a poly-
nomial ring over k graded by the condition deg(Xi)= qi for 0 i 3. The projective
variety thus obtained P3k(Q) :=Proj k[X0; X1; X2; X3] is the weighted projective 3-space
over k with weight Q. Let
= q0  q1  q2  q3
be the direct product of nite group schemes qi := Spec (k[T ]=(T
qi − 1)) (0  i  3)
of qith roots of unity. (Note that if we pass onto k, qi is nothing but the cyclic group
hqii generated by a primitive qith root of unity qi for each i; 0  i  3.)
Pick a positive integer m such that p -m (if p > 0), and consider a diagonal hyper-
surface V over k of degree m 4 dened by the equation
V : c0Xm0 + c1X
m
1 + c2X
m
2 + c3X
m
3 = 0P3k
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where the coecient vector c=(c0; c1; c2; c3)2 (k)4 is called a twist. Further we im-
pose the condition that qi divides m=deg(V ) for each i; 0 i 3. Then it is plain
that  is a nite automorphism group scheme acting on V. If we pass onto k or a
suciently large extension of k which contains all the mth roots of unity, then the
action of  on V is explicitly given by
(X0; X1; X2; X3) 7! (e0q0X0; e1q1X1; e2q2X2; e3q3X3)
where ei 2Z=qiZ for each i; 0  i  3.
We may consider the quotient surface Y :=V= in the weighted projective 3-space
P3k(Q). It is a singular surface dened by a diagonal equation
Y : c0Y
m=q0
0 + c1Y
m=q1
1 + c2Y
m=q2
2 + c3Y
m=q3
3 = 0P3k(Q):
Y has a nite number of singularities, which are all cyclic quotient singularities of
type Ad; (see Reid [12]; cf. Fletcher [4] and Got [6]). For each singularity of type
Ad;, let r denote the length of the (Hirzebruch or minus) continued fraction of
d== [b1; b2; : : : ; br] where bi 2 for every i. If Y has s cyclic quotient singularities
of type Adi;i (0 i s), put e := r1 + r2 +   + rs. Let  :X ! Y denote the minimal
resolution of Y . Then X is dened over k.
Reid [12] (cf. [4]) listed 95 weighted K3 surfaces which arise as the minimal res-
olutions of quotient surfaces of hypersurfaces in P3k. From Reid’s list, Goto [6] has
extracted 14 pairs hm;Qi of degree m and weight Q, for which the minimal resolutions
X of the quotient surfaces Y =V= become K3. (Compare this with the list of Yone-
mura in [18].) There is a simple criterion for X to be K3, namely, m= q0+q1+q2+q3
(cf. Dolgachev [2]).
2.2. Proposition (Goto [6]). Let Y be a weighted diagonal surface in P3k(Q) of degree
m and weight Q=(q0; q1; q2; q3) and twist c. Let X denote the minimal resolution of
Y over k. Then the following assertions hold:
(a) A weighted diagonal surface Y gives rise to a K3 surface X exactly for 14
pairs of m and Q tabulated in Table 1.
(b) All the singularities on Y are cyclic quotient singularities of type An; n−1. Sin-
gularities are blown up to give exceptional curves of self-intersection number −2. Let
e denote the total number of −2 curves arising from singularities.
(c) For each pair hm;Qi with Q=(q0; q1; q2; q3), let
AQ :=
(
a=(a0; a1; a2; a3) j ai 2 qiZ=mZ (0 i 3);
3X
i=0
ai=0
)
:
Let kak := P3i=0hai=mi−1 be the length of a. (Here hxi stands for the fractional part
of x2R.) Then there is a unique element a2AQ with length 0; namely, the weight
Q.
(d) We have
1 + e + #AQ =22:
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Table 1
m Q Sing. Field e #AQ
42 (21; 14; 6; 1) A7;6 k
A3;2 k 9 12
A2;1 k
30 (15; 10; 3; 2) A5;4 k
2A3;2 k (02) 11 10
3A2;1 k (13)
24 (12; 8; 3; 1) A4;3 k 7 14
2A3;2 k (02)
20 (10; 5; 4; 1) 2A5;4 k 9 12
A2;1 k (01)
18 (9; 6; 2; 1) A3;2 k 5 16
3A2;1 k (12)
12 (6; 4; 1; 1) A2;1 k 1 20
12 (6; 3; 2; 1) 2A3;2 k (01) 6 15
2A2;1 k (02)
12 (4; 4; 3; 1) 3A4;3 k (12) 9 12
12 (4; 3; 3; 2) 4A3;2 k (12) 11 10
3A2;1 k (03)
10 (5; 2; 2; 1) 5A2;1 k (12) 5 16
8 (4; 2; 1; 1) 2A2;1 k (01) 2 19
6 (2; 2; 1; 1) 3A2;1 k (01) 3 18
6 (3; 1; 1; 1) None 0 21
4 (1; 1; 1; 1) None 0 21
Note: Here Sing. stands for singularities (with multiplicities), Field for the eld of denition of each singu-
larity, and e the total number of exceptional curves arising from desingularizing cyclic quotient singularities.
2.3. Remark. Perhaps it might be helpful to recall from Goto [6] how the eld of
denition for each singularity is determined. Let P= [x0; x1; x2; x3] be a cyclic quotient
singularity on Y k. Then there is a pair (i; j) such that xixj 6=0 and xt =0 for t 6= i; j.
Furthermore, P is of type Ad; where d=gcd(qi; qj) and  is an integer (0 d)
such that qi  qj (mod d). (Here (qi ; qj ) is a complement of (qi; qj) in the sense that
fqi ; qj g= fq0; q1; q2; q3gnfqi; qjg). Associated to P; there is an equation of the form
ci+cjmP =0. Let P be a solution of this equation in k. Then the eld of denition for
P is the subeld of k (P); which we denote by k(ij). More precisely, let m0 denote the
order of −ci=cj in (k (P)m \ k)=km; and f0=m0=gcd(m0; g0) with g0= lcm(qi; qj).
Then f0 jm; and k(ij)= k (m=f
′
P ); which is Galois over k of order f
0. When P is
resolved, it gives rise to an exceptional curve whose eld of denition is the same
eld k (m=f
′
P ) as that for P.
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Observe that the set of singularities of the same type is closed under the Galois
action Gal( k=k). This implies that the minimal resolution X is indeed dened over k.
3. Quasi-diagonal K3 surfaces in weighted projective 3-spaces
Goto [5] has constructed more examples of K3 surfaces in weighted projective
3-spaces. Here again let k be a perfect eld of characteristic p 0 and let k be
its algebraic closure. Let Q=(q0; q1; q2; q3) be a quadruple of positive integers such
that gcd(qi; qj; qk)= 1 for any distinct i; j; k. Choose a positive integer m such that
p -m (void if p=0) and qi jm for 0 i 2; q3 jm− q0. We put
mi :=
m
qi
for 0 i 2; and m3 := (m− q0)=q3
so that m=m0q0 =m1q1 =m2q2 = q0 + q3m3.
Now consider a \quasi-diagonal" surface, V; of degree m over k dened by the
equation:
V : c0Xm0 + c1X
m
1 + c2X
m
2 + c3X
q0
0 X
m−q0
3 = 0P3k
with twist c=(c0; c1; c2; c3) 2 (k)4. Let
= q0  q1  q2  q3
be the direct product of nite group schemes qi (0  i  3). Then  is a nite
automorphism group scheme acting on V where the action is exactly same as described
in (2.1). Therefore, we may dene the quotient Y :=V=. Y is dened in the weighted
projective 3-space P3k(Q) with weight Q=(q0; q1; q2; q3) by the following equation:
Y : c0Y
m0
0 + c1Y
m1
1 + c2Y
m2
2 + c3Y0Y
m3
3 = 0P3k(Q); ci 2 k for 0  i  3
This quotient surface Y is a singular surface having two types of singular locus. They
are explicitly described in Goto [5]:
Case 1: If q3 = 1, then all singularities are of the form [x0; x1; x2; x3] with xi xj 6=0,
xh=0 for h 6= i; j, and they are already described in Remark 2.3.
Case 2: If q3 2, the only possible other singularity is the point [0; 0; 0; 1], which is
a cyclic quotient singularity of type Aq3 ; 3 where 3 is an integer uniquely determined
by the condition q13 q2 (mod q3) and 13<q3.
Let  :X ! Y denote the minimal resolution of Y . Goto [5] has determined all
possible pairs hm;Qi for which X are K3 surfaces in P3k(Q). Similar to the weighted
diagonal K3 surface, there is a simple criterion for X to be a K3 surface, namely,
m= q0 + q1 + q2 + q3.
3.1. Proposition (Goto [5]). Let Y be a weighted quasi-diagonal surface in P3k(Q)
of degree m with weight Q=(q0; q1; q2; q3) and twist c. Let X denote its minimal
resolution over k. Then the following assertions hold:
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(a) There are exactly 51 pairs of m and Q for which X are K3 surfaces, which
give rise to 85 K3 surfaces (some of which may be isomorphic).
(b) All singularities of weighted quasi-diagonal K3 surfaces X are cyclic quotient
singularities of type An; n−1 with njm in both Cases 1 and 2. Consequently, singularities
are blown up to irreducible curves with exceptional support having self-intersection
numbers −2.
(c) For each pair hm;Qi; put M := lcm(m1; m2; m3) and Mi :=M=mi for i (1 i 3).
Let
WM :=
8<
:a=(a0; a1; a2; a3)

a0 2Z=MZ; ai 2MiZ=MZ (1 i 3)
ai 6=0 (0 i 3);
P3
i= 0ai=0; m0a0 + a3 = 0
9=
; :
Then there is a unique element a2WM of length kak=
P3
i= 0hai=M i − 1=0. This
element is
a=

M
m0
− M
m0m3
;
M
m1
;
M
m2
;
M
m3

=

M −M3
m0
; M1; M2; M3

:
(d) Let e0 denote the number of −2 exceptional curves arising from singularities of
Case 1, and if q3 2 we let r3 denote the length of the continued fraction expansion
of q3=3 (if q3 = 1; put r3 = 0). Put e= e0 + r3. Further, let
D := f(a1; a2) j ai 2MiZ=MZ; ai 6=0 (i=1; 2); a1 + a2 = 0g:
Then
1 + e + #D+ #WM =22:
3.2. Remark. The variety Y k is birationally equivalent to a Fermat quotient surface.
In fact, put N :=m0m1m2m3 and let W be the Fermat surface of degree N :
Wk :WN0 +W
N
1 +W
N
2 +W
N
3 = 0P3k:
We assume that all the N th roots of unity are contained in k. Let N denote the group
of N th roots of unity, and let
  := f(m00 ; m11 ; m22 ; 0m33 ) j (0; 1; 2; 3)2 4N =(diagonal)g:
Then  Autk(Wk); indeed, it acts on Wk by the action
(W0; W1; W2; W3) 7! (m00 W0; m11 W1; m22 W2; 0m33 W3):
It is shown by Shioda [13] and Goto [5] that the singular surface Y k is birationally
equivalent to the quotient surface W k= . Therefore, Y k is indeed a Delsarte surface.
3.3. Examples. We shall extract some, which are relevant to our later discussions,
from the entire list of 85 K3 surfaces, and tabulate them in Table 2. (The entire
list of these K3 surfaces can be found in Goto [5]. The degree m ranges from 4
to 66.)
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Table 2
m Q Sing. Field e #D #WM
66 (6; 22; 33; 5) A5; 4 k
A3; 2 k 7 1 13
A2; 1 k
48 (3,16,24,5) A8; 7 k
A5; 4 k 15 1 5
2A3; 2 k(02)
42 (14; 3; 21; 4) A7; 6 k
A4; 3 k 14 2 5
2A3; 2 k(12)
A2; 1 k
42 (2; 14; 21; 5) A2; 1 k(01)
A5; 4 k 13 1 7
A7; 6 k
36 (1; 12; 18; 5) A6; 5 k 9 1 11
A5; 4 k
36 (5; 8; 20; 7) A4; 3 k
A5; 4 k(02) 15 1 3
A7; 6 k
30 (6; 5; 15; 4) 2A5; 4 k(12)
A4; 3 k 15 2 4
A3; 2 k
2A2; 1 k(03)
28 (7; 4; 14; 3) 2A7; 6 k(12)
A3; 2 k 15 2 4
A2; 1 k
24 (3; 8; 12; 1) A4; 3 k 7 1 13
2A3; 2 k(12)
21 (1; 3; 7; 10) A10; 9 k 9 1 11
20 (2; 4; 5; 9) A9; 8 k(01) 13 1 7
5A2; 1 k
18 (2; 6; 9; 1) A3; 2 k(01) 5 1 15
3A2; 1 k
16 (1; 2; 8; 5) A5; 4 k(12) 6 2 13
2A2; 1 k
15 (3; 1; 5; 6) A6; 5 k 9 3 9
2A3; 2 k(03)
12 (1; 4; 6; 1) A2; 1 k 1 1 19
10 (1; 1; 5; 3) A3; 2 k 2 2 17
9 (1; 1; 3; 4) A4; 3 k 3 3 15
8 (1; 2; 4; 1) 2A2; 1 k(12) 2 2 17
6 (2; 1; 1; 2) 2A2; 1 k(03) 3 6 11
6 (3; 1; 1; 1) None 0 6 19
5 (1; 1; 1; 2) A2; 1 k 1 5 16
4 (1; 1; 1; 1) None 0 4 17
Note: Here Sing. stands for singularities (with multiplicities), Field for the eld of denition of each sin-
gularity, e the total number of exceptional curves arising from cyclic quotient singularities of the form
[x0; x1; x2; x3] with xixj 6=0 and xh =0 for h 6= i; j (when q3 = 1), plus the number of exceptional curves
(divisors) arising from the singularity [0; 0; 0; 1] (when q3 2).
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4. Formal Brauer groups
First we will take k to be any ring; further conditions on k will be imposed later.
Let X be a scheme over k with structure sheaf OX . For a nil k-algebra A the sheaf
G^m;X (A) of abelian groups of X can be constructed by sheafying the presheaf
(Zariski open U X ) 7! G^m( (U;OX )⊗k A):
4.1. Preambles. (a) For an integer i 0, the ith Artin{Mazur functor
i=Hi(X; G^m;X ) : Nilalgebrask 7!Abelian groups
assigns to a nil-k-algebra A the cohomology group Hi(X; G^m;X (A)). The Artin{Mazur
functor i is not necessarily a formal group. A criterion for i to be a formal group
was given by Artin and Mazur [1].
(b) A sucient condition for the ith Artin{Mazur functor i=Hi(X; G^m;X ) to be
representable by a formal group over k (i.e., formally smooth and pro-representable)
is
Hi−1(X;OX )= 0 and Hi+1(X;OX )= 0:
4.2. Examples. Let X be a scheme over k of dimension n. Then =H(X; G^m;X )
is a formal group in the following cases. The rst two examples are due to Stienstra
[15], and the third to several authors, e.g., Artin and Mazur [1] and Gouve^a and Yui
[7]. (Incidentally, (c) may be realized as a special case of (a).)
(a) Let k be a Noetherian ring, and let X be a subscheme of Pnk dened by the
ideal (F1; : : : ; Fr) where F1; : : : ; Fr is a regular sequence of homogeneous polynomials
in k[T0; : : : ; Tn]. Put di=deg(Fi) and d=
P
di. Assume that X is at over k and
did − n 1 for all i. Then Hn−r(X; G^m;X ) is representable by a formal group over
k of dimension
(d−1
n

.
(b) Let k be again a Noetherian ring, and let X be a double cover of Pnk dened by
the equation Z2 =F where F is a homogeneous polynomial in k[T0; : : : ; Tn] of degree
2d< 2n. Then Hn(X; G^m;X ) is representable by a formal group over k of dimen-
sion
(d−1
n

.
(c) Here the base ring k may be any ring. Let X be a complete intersection of
dimension n (e.g., a diagonal hypersurface) dened over k. Then Hn(X; G^m;X ) is
representable by a formal group of dimension pg(X ).
4.3. Lemma (Artin and Mazur [1], cf. Stienstra [15]). Let k be a perfect eld
of characteristic p 0; or a Noetherian ring which is at over Z. Let X be a
K3-surface dened over k. Then the Artin{Mazur functor H 2(X; G^m; X ) is repre-
sentable by a formal group over k of dimension pg(X )= 1.
Proof. For a K3-surface X; H 1(X;OX )=H 3(X;OX )= 0. Thus, H 2(X; G^m;X ) is a formal
group over k of dimension pg(X )= 1.
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Under the situation of Lemma 4.3, H 2(X; G^m;X ) will be denoted by B^r(X ), and
called the formal Brauer group of X .
4.4. Formal Brauer groups over perfect elds of characteristic p> 0. Now assume
that k is a perfect eld of positive characteristic p.
(a) The height: We introduce an invariant of B^r(X ) called the height of X . Let
[p] := [p]B^r(X ) denote the multiplication by p map on the formal Brauer group B^r(X ).
The ( nite) height of X is dened to be the p-rank of the kernel of [p] in B^r(X ):
ph=#Ker f[p]: B^r(X k)! B^r(X k)g:
We say that B^r(X ) has innite height h=1 if [p] = 0 on B^r(X ). Note that h is an
invariant for X k, so that it is independent of any twist c.
(b) The Igusa{Artin{Mazur inequality. (See Artin and Mazur [1].) Let NS(Xk)
denote the Neron{Severi group of X , that is, the group of divisor classes on X de-
ned over k modulo algebraic equivalence. NS(Xk) is a free nitely generated abelian
group, so that NS(Xk)=Z(Xk) where the rank (Xk) is called the Picard number of X .
Since there is an injective map NS(Xk)⊗Ql!H 2(X k;Ql), the Picard number (Xk)
is bounded above by B2(X )= dimQl H
2(X k;Ql)= 22.
The height h of B^r(X ) and the Picard number (X k) are subject to the Igusa{Artin{
Mazur inequality:
(X k) 22− 2h when h<1:
Consequently, it follows that h ranges over integers from 1 to 10 if it is nite.
(c) The Newton polygon of X : The Newton polygon of X is a polygon in R2 with
the initial point (0; 0), the end point (22; 22), and with the Newton slope sequence
0 1 2     k  2
where i 2 Q for all i. (When X is dened over a nite eld k= Fq of q=pa elements,
then js are indeed well-known arithmetic invariants for X , that is, they are the p-adic
order of the Frobenius endomorphism acting on H 2(X k;Ql), or on H 2crys(X=W )K .)
The slopes of the Newton polygon of X which is strictly less than 1 determines the
height h of B^r(X ), and vice versa. Indeed, when h is nite, the Newton slope sequence
is:
1− 1
h
; 1; 1 +
1
h
with multiplicities h; 22− 2h; h respectively:
Furthermore, B^r(X ) is isogeneous to a p-divisible group over k. (See [9]. Also Manin
[10] when k is a nite eld.)
When h=1, the Newton polygon has a pure slope 1 with multiplicity 22. In this
case, B^r(X )= G^a.
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It is known that the Newton polygon lies above or on the Hodge polygon of X .
4.5. Remark. (a) We should note that for the formal Brauer groups arising from K3
surfaces listed in the introduction, the height can be determined rather easily:
(1) (The Fermat quartic): If p 1 (mod 4); h=1, and h=1 otherwise.
(2) (Kummer surfaces) and (3) (Elliptic surfaces): For these surfaces, the height h
may assume any integer value 1; 2; 3, or 1.
(4) (The double sextic): If p 1 (mod 6); h=1, and h=1 otherwise (cf. Stienstra
[15]).
(b) It is known from the deformation theory (cf. Illusie [9]) that any integer ranging
from 1 to 10 (and 1) can occur as the height of the formal Brauer group of some K3
surfaces. However, existing examples realize small heights, e.g., 1; 2, or a large height
10, and 1.
4.6. The formal Brauer groups arising from weighted diagonal K3 surfaces. We shall
realize integers 1, 2, 3, 4 and 6 as the nite height of formal Brauer groups arising
from diagonal K3 surfaces in weighted projective 3-spaces.
4.6.1. Proposition. Let X be the minimal resolution of a weighted diagonal K3 sur-
face of degree m listed in Proposition 2.2. Suppose that X is dened over a nite
eld k = Fq of characteristic p - m with q 1 (modm). Then for each m; the weight
Q=(q0; q1; q2; q3) determines the structure of B^r(X ); up to isogeny, over k.
Arithmetically, the structure of the isogeny class of B^r(X ) over k depends only on
the congruence condition on p modulo m.
Proof. We may assume that h<1, since the assertion is plain for h=1. As we noted
in 4.4(c), the Newton slope of B^r(X ) which is strictly less than 1 will parameterize
the structure of B^r(X ), up to isogeny, over k. In our case the Newton slope can
be calculated using an arithmetical function AH (confer Gouve^a and Yui [7]). Let
H denote the cyclic subgroup fpi (modm) j 0 i<fg where f denotes the order of
p (modm). Dene an arithmetical function
AH :AQ!Z; AH (a) :=
X
t 2H
ktak:
For each pair hm;Qi, there is a unique vector a2AQ with length 0, namely, the weight
Q. Let [Q] denote the set of vectors in AQ which are in the (Z=mZ)-orbit of Q. If
AH (tQ) 6=f for all t <m with gcd(t; m)= 1, then [Q] gives rise to a transcendental
motive of dimension ’(m) with ’ being the Euler function. (This fact will be explained
later in Lemma 6.3 below.) Then the Newton slope of X which is strictly less than
1 is given by AH (Q)=f. Therefore by 4.4(c), the height of B^r(X ) can be determined
as h=f=(f − AH (a)). In this sense, Q determines the Newton slope of X which is
strictly less than 1, and hence the structure of B^r(X ) over k as p-divisible group, up
to isogeny. This gives the result: B^r(X )G1; h−1 over k.
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Table 3
m Q p (modm) h B^r(X )
42 (21,14,6,1) 1 1 G^m
11,19,23,25,31,37 6 G1; 5
13,29 2 G1; 1
5,17,41 1 G^a
30 (15,10,3,2) 1 1 G^m
11,19 2 G1; 1
17,23 4 G1; 3
29 1 G^a
24 (12,8,3,1) 1 1 G^m
5,7,11,13,17,19 2 G1; 1
23 1 G^a
20 (10,5,4,1) 1 1 G^m
3,7,13,17 4 G1; 3
9,11 2 G1; 1
19 1 G^a
18 (9,6,2,1) 1 1 G^m
7,13 3 G1; 2
5,11,17 1 G^a
12 (6,4,1,1) 1 1 G^m
(6,3,2,1) 5,7 2 G1; 1
(4,4,3,1) 11 1 G^a
(4,3,3,2)
10 (5,2,2,1) 1 1 G^m
3,7,9 1 G^a
8 (4, 2, 1, 1) 1 1 G^m
3, 5 2 G1; 1
7 1 G^a
6 (2, 2, 1, 1) 1 1 G^m
(3, 1, 1, 1) 5 1 G^a
4 (1, 1, 1, 1) 1 1 G^m
3 1 G^a
Furthermore, it is easily seen that AH is a function depending only on the congruence
condition of p (modm).
4.6.2 Corollary. The structure of B^r(X ) over k; up to isogeny, and its height are
determined in Table 3. In particular, the integers 1; 2; 3; 4 and 6 are realized as the
( nite) height of B^r(X ) of the minimal resolutions of some weighted diagonal K3
surfaces.
4.6.3. Example. (a) Let m=18 and Q=(9; 6; 2; 1). Suppose that p satises the con-
gruence condition p 7 or 13 (mod 18). Then H = fpi (mod 18) j 0 i<2g= f1; 7; 13g.
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So f=3. Now we compute AH (Q). We obtain
AH (Q)= k(9; 6; 2; 1)k+ k(9; 6; 14; 7)k+ k(9; 6; 8; 13)k=0 + 1 + 1=2:
So h=3 and B^r(X )G1;2.
(b) Let m=42 and Q=(21; 14; 6; 1). Suppose that p is a prime satisfying p
11 (mod 42). Then H = fpi (mod 42) j 0 i<6g= f1; 11; 37; 29; 25; 23g. So f=6. Now
we compute AH (Q) to obtain
AH (Q)= 0 + 1 + 1 +   + 1| {z }
5 times
= 5:
Hence h=6 and B^r(X )G1;5.
4.7. The formal Brauer groups arising from weighted quasi-diagonal K3 surfaces.
We shall now consider formal Brauer groups arising from weighted quasi-diagonal K3
surfaces listed in Proposition 3.1, and compute their heights and determine the structure
of isogeny classes. Here again we take k to be a nite eld Fq of characteristic p.
4.7.1. Proposition. Let X be the minimal resolution of a quasi-diagonal weighted K3
surface of degree m and weight Q=(q0; q1; q2; q3) in Proposition 3.1. Suppose that X
is dened over nite eld k= Fq of characteristic p such that p -m and q 1 (modm).
Then the following assertions hold:
(a) For each pair hm;Qi; there exist a unique integer M and an arithmetical
function AH which determines the structure of B^r(X ) over k; up to isogeny.
Arithmetically, the structure of the isogeny class of B^r(X ) over k depends only on
the congruence condition of p modulo M .
(b) Let X be the minimal resolution of a weighted quasi-diagonal K3 surface of
degree m=12 with weight Q=(1; 4; 6; 1) over a nite eld of characteristic p
t (mod 66) where p runs the set of primes f5; 7; 13; 19; 47; 49; 53; 59; 61g. Then B^r(X )
has height h=10; and B^r(X )G1;9.
Proof. (a) The quantities mi (0 i 3) and M are as in Proposition 3.1. Then by
Proposition 3.1(c), we know that there is a unique element a2WM of length 0, which
we call aM . Let [aM ] := fta2WM j t 2 (Z=MZ)g denote the (Z=MZ)-orbit of aM .
Now we consider p modulo M , and let H := fpi (modM) j 0 i<fg where f denotes
the order of p modulo M . Dene an arithmetical function AH by letting
AH :WM 7!Z; AH (a)=
X
t2H
ktak:
The same line of proof as for Proposition 4.6.1 is valid for M; WM and aM in place
of m; AQ and Q, respectively. Therefore the Newton slope of X which are strictly less
than 1 is given by AH (aM )=f. Clearly AH depends only on the congruence condition
of p modulo M .
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(b) For m=12 and Q=(1; 4; 6; 1), we calculate m0 = 12; m1 = 3; m2 = 2; m3 = 11
and M = lcm(3; 2; 11)=66. A unique element with length 0 is given by a66 = (5; 22;
33; 6), and the entire set W66 consists of 20 vectors:
W66 = f a66;5a66;7a66;13a66;17a66;19a66;23a66;25a66;
29a66;31a66g:
Now suppose that p is a prime such that p 5 (mod 66). Then the order of p
modulo 66 is f=10, and
H = fpi (mod 66) j 0 i<10g= f1; 5; 25; 59; 31; 23; 49; 47; 37; 53g:
Now we compute the length of vectors ta66 2 [a66]:
t ta ktak t ta ktak
1 (5, 22, 33, 6) 0 23 (49, 44, 33, 6) 1
5 (25, 44, 33, 30) 1 49 (47, 22, 33, 60) 1
25 (59, 22, 33, 18) 1 47 (37, 44, 33, 18) 1
59 (31, 44, 33, 24) 1 37 (53, 22, 33, 24) 1
31 (23, 22, 33, 54) 1 53 (1, 44, 33, 54) 1
We calculate that
AH ((5; 22; 33; 6))= 0 + 1 + 1 +   + 1| {z }
9 times
= 9:
Therefore, the slopes are 9=10; 11=10 each with multiplicity 10. Hence h=10, and
B^r(X )G1;9.
4.7.2. Examples. Table 4 shows the results of more examples of formal Brauer groups
arising from quasi-diagonal K3 surfaces.
Table 4
m Q M p (modM) h B^r(X )
66 (6, 22, 33, 5) 12 1 1 G^m
5, 7 2 G1; 1
11 1 G^a
48 (3, 16, 24, 5) 18 1 1 G^m
7, 13 3 G1; 2
5, 11, 17 1 G^a
42 (21, 6, 14, 1) 21 1 1 G^m
2, 10, 11 6 G1; 5
4, 16, 19 3 G1; 2
8, 13 2 G1; 1
5, 17, 20 1 G^a
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Table 4 (Continued.)
m Q M p (modM) h B^r(X )
36 (1, 12, 18, 5) 42 1 1 G^m
28 (1, 4, 14, 9) 13, 29 2 G1; 1
21 (1, 3, 7, 10) 11, 19, 23, 31 6 G1; 5
25, 37 3 G1; 2
5, 17, 41 1 G^a
30 (10, 1, 15, 4) 30 1 1 G^m
20 (5, 4, 10, 1) 7, 13, 17, 23 4 G1; 3
15 (3, 1, 5, 6) 11, 19 2 G1; 1
10 (1, 1, 5, 3) 29 1 G^a
6 (1, 1, 3, 1)
24 (8, 3, 12, 1) 16 1 1 G^m
3, 5, 7, 11, 13 4 G1; 3
9 2 G1; 1
15 1 G^a
18 (2, 6, 9, 1) 48 1 1 G^m
5, 11, 13, 19, 29, 35, 37, 43 4 G1; 3
7, 17, 23, 25, 31, 41 2 G1; 1
47 1 G^a
16 (1, 4, 8, 3) 20 1 1 G^m
3, 7, 13, 17 4 G1; 3
9, 11 2 G1; 1
19 1 G^a
15 (5, 3, 5, 2) 15 1 1 G^m
6 (1, 2, 2, 1) 2, 7, 8, 13 4 G1; 3
4, 11 2 G1; 1
14 1 G^a
14 (2, 2, 7, 3) 28 1 1 G^m
8 (1, 2, 4, 1) 5, 11, 17, 23 6 G1; 5
9, 25 3 G1; 2
13, 25 2 G1; 1
3, 19, 27 1 G^a
12 (1, 4, 6, 1) 66 1 1 G^m
5, 7, 13, 19, 47, 49, 53, 59, 61 10 G1; 9
23, 43 2 G1; 1
25, 31, 37 4 G1; 3
17, 29, 35, 41, 65 1 G^a
10 (2, 2, 5, 1) 40 1 1 G^m
3, 7, 13, 17, 23, 27, 33, 37 4 G1; 3
9, 11, 19, 21, 29, 31 2 G1; 1
39 1 G^a
6 (2, 1, 2, 1) 6 1 1 G^m
6 (3, 1, 1, 1) 5 1 G^a
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5. Formal group laws
In this section, we take the base ring k to be a Noetherian ring, which is at
over Z. Stienstra [15] has considered the representability of the nth Artin{Mazur
functor n=Hn(X; G^m;X ) by formal group laws for the varieties and schemes in
Examples 4.2(a) and (b). We shall extend Stienstra’s results with n=2 to formal
Brauer groups arising from weighted diagonal K3 surfaces in Proposition 2.2 and also
those arising from weighted quasi-diagonal K3 surfaces in Proposition 3.1. We shall
prove that 2(X; G^m;X ) are representable by formal group laws over k, and further
shall determine the logarithms for these formal group laws explicitly. The results of
this section are, I believe, new; they can be proved extending the proof given by
Stienstra to our K3 surfaces.
Let V be the diagonal surface of degree m 4 dened over k with twist c=(c0; c1;
c2; c3)2 (k):
V : c0Xm0 + c1X
m
1 + c2X
m
2 + c3X
m
3 = 0P3k:
5.1. Lemma (cf. Stienstra [15, Theorem 1]). Let k be a Noetherian ring, which is at
over Z. Let
V : c0Xm0 + c1X
m
1 + c2X
m
2 + c3X
m
3 = 0P3k
be the diagonal surface of degree m2f4; 5; 6g dened over a ring k. Then H 2(V; G^m;V )
is representable by formal group laws of dimension pg over k. More precisely:
(1) If m=4; then H 2(V; G^m;V ) is a 1-dimensional formal group law.
(2) If m=5; then H 2(V; G^m;V ) is the direct sum of 4 copies of a 1-dimensional
formal group law over k.
(3) If m=6; then H 2(V; G^m;V ) is the direct sum of 4 copies of a 1-dimensional
formal group law and 6 copies of another 1-dimensional formal group law over k.
5.2. Formal group laws for weighted diagonal K3 surfaces. Here let hm;Qi be a pair
of positive integer m and weight Q=(q0; q1; q2; q3) listed in Proposition 2.2. Let Y be
the quotient surface V= dened by the equation:
Y : c0Y
m=q0
0 + c1Y
m=q1
1 + c2Y
m=q2
2 + c3Y
m=q3
3 = 0P3k(Q); ci 2 k for 0  i  3:
For the sake of simplicity we write mi=m=qi for i=0; : : : ; 3, and let
F(Y0; Y1; Y2; Y3) := c0Y
m0
0 + c1Y
m1
1 + c2Y
m2
2 + c3Y
m3
3
with deg(Yi)= qi for i=0; : : : ; 3. Let  :X ! Y be the minimal resolution of Y . By
Proposition 2.2, there are only 14 pairs of hm;Qi for which X is a K3-surface.
5.2.1. Proposition. Let X be the minimal resolution of a weighted diagonal K3 surface
in Proposition 2.2 of degree m and weight Q=(q0; q1; q2; q3). Then for each pair
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hm;Qi; H 2(X; G^m;X ) is representable by a formal group law of dimension one, and
its logarithm is given by
l(t)=
X
n1
n−1a(n)t n
where
a(n)= the coecient of (c0Y0)n−1    (c3Y3)n−1 in Fn−1:
Proof. Stienstra’s proof (for Theorem 1) in [15, Section 4] can be carried over to
varieties in weighted projective spaces. First we note that there is an isomorphism
Hi(X; G^m;X )Hi(Y; G^m;Y ) for all i:
In fact, cyclic quotient singularities do not contribute to Hi(X; G^m;X ) so that we can
pass from Y to X without changing HiG^m. (Confer also Stienstra [15, 3.10].) Now let
J be the set dened in Stienstra [15, Theorem 1]:
J = fi=(i0; i1; i2; i3)2Z4 j i0; : : : ; i3 1; i0 +    i3 =mg:
In our situation, J consists of only one element, namely, Q=(q0; q1; q2; q3) itself. Next
we expand F(Y0; Y1; Y2; Y3)n−1:
F(Y0; Y1; Y2; Y3)n−1 =
X
a; b; c; d
(n− 1)!
a!b!c!d!
(c0Y0)m0a(c1Y1)m1b(c2Y2)m2c(c3Y3)m3d
where the sum runs over 4-tuples (a; b; c; d) with a + b + c + d= n − 1. To nd the
coecient of Y (n−1)0 Y
(n−1)
1 Y
(n−1)
2 Y
(n−1)
3 , we must rst solve
n− 1=m0a; n− 1=m1b; n− 1=m2c; n− 1=m3d
for (a; b; c; d)2Z4 with a; b; c; d 1 and a+ b+ c+d= n− 1. Recalling that m= q0 +
q1 + q2 + q3, this gives rise to a unique 4-tuple solution:
(a; b; c; d)=

(n− 1)q0
m
; : : : ;
(n− 1)q3
m

:
Each component is an integer only when (n − 1)qi 0 (modm) for i (0 i 3).
But since gcd(qi; qj; qk)= 1 for every triple i; j; k , each component is an integer if
n − 1 0 (modm). Putting (n − 1)=m= k so that n=mk + 1, this 4-tuple is then ex-
pressed as (a; b; c; d)= (q0k; q1k; q2k; q3k). Therefore the coecient a(n) is
a(n)= a(mk + 1)= (cq00 c
q1
1 c
q2
2 c
q3
3 )
k (mk)!
(q0k)!(q1k)!(q2k)!(q3k)!
:
5.3. Formal group laws for weighted quasi-diagonal K3 surfaces. We shall discuss the
representability of formal Brauer groups B^r(X ) arising from weighted quasi-diagonal
K3 surfaces in Proposition 3.1 by formal group laws. Then we shall determine explicitly
their logarithms. Same line of arguments as for formal group laws for weighted diagonal
K3 surfaces in Section 5.2 can be carried over to weighted quasi-diagonal K3 surfaces.
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Let hm;Qi be a pair of positive integer m and weight Q=(q0; q1; q2; q3) in
Proposition 3.1. Let Y be the surface in P3k(Q) dened by the equation
F(Y0; Y1; Y2; Y3) := c0Y
m0
0 + c1Y
m1
1 + c2Y
m2
2 + c3Y0Y
m3
3 P3k(Q);
ci 2 k for 0  i  3
where deg(Yi)= qi (0 i 3), and mi=m=qi for i=0; 1; 2, and m3 = (m− q0)=q3.
5.3.1. Proposition. Let X be the minimal resolution of a weighted quasi-diagonal K3
surface in Proposition 3.1 of degree m and weight Q. Then for each pair hm;Qi;
H 2(X; G^m;X ) is representable by a formal group law of dimension one, and its loga-
rithm is given by
l(t)=
X
n1
n−1a(n)tn;
where
a(n)= the coecient of Y n−10   Y n−13 in Fn−1:
Proof. The notations and the hypothesis of Proposition 3.1 remain in force, e.g.,
M = lcm(m1; m2; m3); Mi=M=mi (1 i 3). The same argument as for the proof of
Proposition 5.2.1 works in this case as well. The set J consists of a single element,
namely,
aM =

M
m0
− M
m0m3
;
M
m1
;
M
m2
;
M
m3

=

M −M3
m0
; M1; M2; M3

:
Now we expand F(Y0; Y1; Y2; Y3)n−1:
F(Y0; Y1; Y2; Y3)n−1 =
X
a; b; c; d
(n− 1)!
a!b!c!d!
(c0Y0)m0a(c1Y1)m1b(c2Y2)m2c(c3Y0Y
m3
3 )
d
where the sum runs over 4-tuples (a; b; c; d) with a + b + c + d= n − 1. To nd the
coecient of Y n−10 Y
n−1
1 Y
n−1
2 Y
n−1
3 , we rst solve
n− 1=m0a+ d; n− 1=m1b; n− 1=m2c; n− 1=m3d
for (a; b; c; d)2Z4 with a; b; c; d 1 and a + b + c + d= n − 1. Again recalling that
m= q0 + q1 + q2 + q3, we obtain a unique solution
(a; b; c; d)=

n− 1
m0
− n− 1
m0m3
;
n− 1
m1
;
n− 1
m2
;
n− 1
m3

:
Each component is a positive integer if n− 1 0 (modM). So if we put (n− 1)=M =
k 2Z, then the coecient in question is given by
a(n)= a(Mk + 1) = (ci00 c
i1
1 c
i2
2 c
i3
3 )
k (kM)!
( kMm0 − kMm0m3 )!( kMm1 )!( kMm2 )!( kMm3 )!
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= (ci00 c
i1
1 c
i2
2 c
i3
3 )
k (kM)!
( k(M−M3)m0 )!(kM1)!(kM2)!(kM3)!
where we put i0 :=M=m0 − M=m0m3 = (M − M3)=m0; i1 =M=m1 =M1; i2 =M=m2 =M2
and i3 =M=m3 =M3.
5.3.2. Example. Consider the K3 surface with m=12 and Q=(1; 4; 6; 1) discussed in
Proposition 4.7 (b). Here m0 = 12; m1 = 3; m2 = 2 and m3 = 11. Further M =66. The
unique element in the set J is i=(5; 22; 33; 6). Then
l(t)=
X
k1
(c50c
22
1 c
33
2 c
6
3)
k (66k)!
(5k)!(22k)!(33k)!(6k)!
t n:
Now we can extend the theorem of Honda [8] for elliptic curves to our K3 surfaces.
5.4. Proposition. Let X be the minimal resolution of a weighted diagonal K3 sur-
face in Proposition 2:2; or a weighed quasi-diagonal K3 surface in Proposition 3:1;
dened over k. Let ! be a holomorphic dierential 2-form on X; which is a basis for
H 0(X;
2X ). Then there is a parameter t such that ! has a power series expansion of
the form
!=
X
n1
a(n)tn−1 dt with a(1)= 1:
Let
l(t)=
X
n1
a(n)
n
tn 2 (k⊗Q)[[t]];
and dene
G(X; Y )= l−1(l(X ) + l(Y )):
Then G is a formal group law for B^r(X ) over k.
Proof. The proof of Honda in [8], or that of Stienstra [14] is valid in this situation
as well.
6. Some arithmetic properties of formal Brauer groups
In this section we take k to be either
(a) a nite eld Fq of characteristic p and q=pa, or
(b) a ring discussed in Section 5 with a maximal ideal P (containing a xed prime
p) and nite reside eld Fq in (a) (e.g., the ring of Witt vectors over Fq.)
When we are in the situation (b), X denotes the minimal resolution of a
weighted diagonal K3 surface, or a quasi-diagonal K3 surface dened over k. Let
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XP :=X  spec(k=P) denote the ber of X at P. We will conne ourselves to the
case that the ber XP is a K3 surface over Fq.
In this section we shall discuss some arithmetic properties of weighted K3 surfaces
dened over k in Sections 2 and 3. In particular we shall prove a congruence (which
is an analogue of the Atkin and Swinnerton-Dyer congruence for elliptic curves) for
our K3 surfaces.
6.1. The zeta-function of a weighted K3 surface X over k= Fq. Let X be a weighted
K3 surface dened over k. Let k denote an algebraic closure of k with the Galois
group G=Gal( k=k). Then G= hi where  is the arithmetic Frobenius morphism of
X . If F :X 7!X (x 7! xp) is the geometric Frobenius morphism of X , then F =−1.
Let =Fa denote the Frobenius endomorphism on X relative to k = Fq. The one of
the most important arithmetical invariants of a K3-surface X over k = Fq is its
zeta-function:
Z(X; T ) := exp
 1X
i=1
#X (ki)
i
T i
!
2Q((T ))
where #X (ki) denotes the number of rational points on X over the nite extension of
ki of k of degree i. Furthermore, we have
Z(X; T )=
1
(1− T )P(X; T )(1− q2T )
where
P(X; T )=

det(1− T jH 2(X k;Ql)) if l 6= p;
det(1− T jH 2crys(X=W )K) if l=p
with
P(X; T )2 1 + TZ[T ]; degP=22:
Over C, P(X; T ) factors as follows:
P(X; T )=
22Y
i=1
(1− iT )2C[T ] with jij= q (Riemann Hypothesis):
Therefore, if the reciprocal roots i of P(X; T )= 0 are real, then i=  q:
For weighted diagonal or quasi-diagonal K3 surfaces, P(X; T ) can be determined
explicitly in terms of Jacobi sums. For details, see Weil [17], Gouve^a and Yui [7] and
Goto [5, 6].
6.1.1 (Gouve^a and Yui [7], cf. Goto [6]). The notation and hypothesis in Propo-
sition 2.2 remain in force. Let X be the minimal resolution of a weighted diagonal K3
surface of degree m and weight Q dened over k= Fq with q 1(modm). For each
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hm;Qi, x a multiplicative character  :UQ 7! k of exact order m. Let j(c; a) be a
Jacobi sum relative to k and  dened by
j(c; a)= (ca00 c
a1
1 c
a2
2 c
a3
3 )
X
vi2k
1+v1+v2+v3=0
(v1)a1(v2)a2(v3)a3 ;
where  denotes the complex conjugate of . Then over a suciently large nite
extension k of k
P(Xk ; T )= (1− qT )1+e
Y
a2UQ
(1− j(c; a)):
6.1.2. (Goto [5]). The notation and hypothesis in Proposition 3.1 remain in force. Let
X be the minimal resolution of a weighted quasi-diagonal K3 surface of degree m and
weight Q dened over a nite eld k= Fq with q 1(modM). Fix a multiplicative
character  :MM 7! k of exact order M . Let j(c; a) denote a Jacobi sum relative to
k and . Then over a suciently large extension k of k,
P(Xk ; T )= (1− qT )1+e+#D
Y
a2WM
(1− j(c; a)T ):
6.2. Proposition (The Tate Conjecture for a weighted K3 surface X over k= Fq). Let
NS(Xk) be the Neron{Severi group of Xk. It is a free nitely generated abelian group;
so that NS(Xk) = Z(Xk).
(a) Assume that B^r(X ) has nite height h. Then
(Xk)= the multiplicity of q as a reciprocal root of P(Xk; T )= 0:
(Nygaard and Ogus [11]).
(b) The maximal Picard numbers of the K3 surfaces in Propositions 2:2 and 3:1
are independent of twists; and are given as follows:
(b1) Let X be the minimal resolution of a weighted diagonal K3 surface listed in
Proposition 2:2 with degree m and weight Q. Then
(X k)= 22− ’(m):
(b2) Let X be the minimal resolution of a weighted quasi-diagonal K3 surface
in Proposition 3:1 with degree m and weight Q. Let M be the integer dened in
Proposition 3:1(c). Then
(X k)= 22− ’(M):
(In both (b1) and (b2); ’(t) denotes the Euler -function.)
(c) Over a suciently large extension k of k; the Picard number is given as
follows:
(c1) For the minimal resolution of a weighted diagonal K3 surface in
Proposition 2:2;
(Xk)= 1 + e + #fa2UQ j j(c; a)= qg:
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(c2) For the minimal resolution of a weighted quasi-diagonal K3 surface in
Proposition 3:1;
(Xk)= 1 + e + #D+ #fa2WM j j(c; a)= qg:
(d) The Picard number (Xk) is very sensitive to the eld of denition k and the
twist c; it is bounded above by (X k).
Proof. For (b1) (resp. (b2)), confer Remark (a) in Lemma 6.3 below. The length of
the unique transcendental motive is ’(m) (resp. ’(M)). The assertion (c1) (resp. (c2))
follows from the discussions on P(X; T ) in Section 6.1.
The height of B^r(X ) and the Picard number (Xk) (and (X k)) are subject to the
Igusa{Artin{Mazur inequality (cf. Section 4.4(b)). This is illustrated in terms of the
p-adic factorization of P(X; T ) over Zp.
6.3. Lemma. Let X be a weighted K3 surface dened over k= Fq of characteristic
p. Assume that B^r(X ) has nite height h. Then over a \suciently large" extension
of Zp; P(X; T ) factors as follows:
P(X; T )= (1− qT )(Xk)R(X; T )Q(X; T )R(X; qT )
where
R(X; T ) := det(1− T j H 2(X=W )[0;1[K );
(1− qT )(Xk)Q(X; T ) := det(1− T jH 2(X=W )[1]K );
R(X; qT ) := det(1− T jH 2(X=W )]1;2]K ):
The p-adic ordinals of the reciprocal roots of R(X; T ); (1 − qT )(X )Q(X; T ); R(X; qT )
are 1− 1=h; 1; 1 + 1=h; with multiplicity, h; 22− 2h; h; respectively.
Consequently;
(Xk) (X k) 22− 2h:
Proof (cf. Illusie [9]). We have the decomposition of H 2crys(X=W ) into the direct sum:
H 2crys(X=W )=H
2(X=W )[0;1[  H 2(X=W )[1]  H 2(X=W )]1;2]:
Further H 2(X=W )[0;1[’H 2(X;WO) and it is isomorphic as the Cartier module of B^r(X ).
Hence its W -rank is equal to the height h of B^r(X ). Thus, over suciently large
extension of Zp, P(X; T ) factors as
P(X; T )= (1− qT )(Xk)R(X; T )Q(X; T )R(X; qT )
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where the polynomials R(X; T ) and Q(X; T ) are dened as above. Furthermore, passing
onto Zp, we have
R(X; T )=
Y
(i) = 1−1=h
(1− iT );
(1− qT )(Xk)Q(X; T )=
Y
(i) = 1
(1− iT );
R(X; qT )=
Y
(i) = 1+1=h
(1− iT )
where  denotes the p-adic valuation of Qp normalized by (q)= 1. Therefore, (Xk) 
(X k) 22− 2h.
6.3.1. Examples. (a) Let X be the minimal resolution of a weighted diagonal K3
surface of degree m=42 with weight Q=(21; 14; 6; 1) in Proposition 2.2. If p 11; 19;
23; 25; 31; 37, then B^r(X ) has height 6. The maximum Picard number is determined by
Goto [6] to be (X k)= 10. So the Igusa{Artin{Mazur inequality is read as 10 10=
22− 2  6.
(b) Let X be the minimal resolution of a quasi{diagonal K3 surface of degree m=12
and weight Q=(1; 4; 6; 1) discussed in Proposition in 4.7.1 (b). If p t (mod 66) where
t=5; 7; 13; 19; 47; 49; 53; 59; 61, then B^r(X ) has height h=10. The maximum Picard
number is determined by Goto [5] to be (X k)= 2. In this case, the Igusa{Artin{
Mazur inequality is read as 2 2=22− 2 10.
6.3.2. Remark. (a) The factorization of P(X; T ) over Zp may also be obtained noting
that Galois action G swaps H 2(X=W )[0;1[ and H 2(X=W )]1;2], but leaves H 1(X=W )[1]
invariant. Therefore, the Zp-factors of P(X; T ) are R(X; T )R(X; qT ) and (1− qT ) (Xk)
Q(X; T ).
(b) The polynomial R(X; T ) corresponds to the unique transcendental motive [Q]
(resp. [aM ]) for a weighted diagonal K3 surface (resp. a weighted quasi-diagonal K3
surface) of dimension h.
(c) Now we consider the polynomial R(X; T )R(X; qT ) over Q. By a theorem of
Nygaard and Ogus [11] (see also Zarhin’s papers [19, 20]), R(X; T )R(X; qT ) is a power
of an irreducible polynomial over Q. By (b), it follows that R(X; T )R(X; qT ) is indeed
irreducible over Q of degree h.
Zarhin in [19, 20] has shown that R(X; T )R(X; qT ) is always irreducible for any
ordinary K3 surface over k= Fq. (Here, an ordinary K3 surface is characterized by the
property that the Newton polygon coincides with the Hodge polygon of X .) Therefore,
our results generalize that of Zarhin to any weighted K3 surface of nite height.
6.4. Now we will impose additional conditions on the base ring k of type (b). For
a maximal ideal P of k, the corresponding valuation is unramied and that the eld of
fraction of k with respect to that valuation is complete. (For instance, for a maximal
ideal P containing p, k may be taken as the ring of Witt vectors over Fq.)
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6.4.1. Lemma. With k as above; let X be a K3 surface dened over k. Suppose that
its ber XP at P is a K3 surface over Fq with B^r(XP) of nite height h. Then the
isomorphism class of B^r(X ) over k is in 1{1 correspondence with an ordered h-tuple
of elements (b1; : : : ; bh)2Ph such that
R(X; T )= 1 + b1T + b2T 2 +   + bhTh
is a Weierstrass distinguished polynomial of degree h over k; and that the Newton
polygon of R(X; T ) has the pure slope 1− 1=h with multiplicity h.
Proof. Observe that Honda’s classication theorem of commutative formal groups can
be reformulated in our context (cf. [8, Proposition 3.5]).
There are congruences for weighted diagonal and quasi-diagonal K3 surfaces, which
generalize the Atkin and Swinnerton-Dyer congruence for elliptic curves. Stienstra [14]
has obtained congruences for a large class of schemes, e.g., branched double coverings
of Pn of arbitrary dimension and genus. A similar congruence has been proved for
certain elliptic K3 surfaces by Stienstra and Beukers [16]. We shall extend their results
to weighted diagonal and quasi-diagonal K3 surfaces.
6.4.2. Proposition. With k as in Lemma 6:4:1; let X be the minimal resolution of
a weighted diagonal K3 surface; or a weighted quasi-diagonal K3 surface dened over
k. Assume that the ber XP of X at P is also a K3 surface over Fq (of characteristic
p) with B^r(XP) of nite height h. Let
R(X; T )= 1 + b1T + b2T 2 +   + bhTh
be as in Lemma 6:4:1. Let ! be the invariant dierential 2-form on X and let
!=
1X
n=1
a(n)tn−1 dt with a(1)= 1 and a(n)2 k for all n
be a power series expansion of ! with respect to a local parameter t for X .
Dene the product 1X
n=1
a(n) n−s
!
 R(X; q−s) :=
1X
n=1
n n−s:
Then we have
n= a(n) + b1a(n=q) + b2a(n=q2) +   + bha(n=qh) 0 (modp+1P)
if p j n.
Proof. Stienstra’s proof in [14] can be applied to the transcendental motive corre-
sponding to H 2(X;WO), and hence to the polynomial R(X; T ).
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